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Abstract 

This paper is concerned with the Klein-Gordon-Maxwell system in a 
bounded spatial domain. We discuss the existence of standing waves ifr — 
u(x)e~' u ' t in equilibrium with a purely electrostatic field E = —V<j>(x). 
We assume an homogeneous Dirichlet boundary condition on u and an 
inhomogeneous Neumann boundary condition on <j>- In the "linear" case 
we characterize the existence of nontrivial solutions for small boundary 
data. With a suitable nonlinear perturbation in the matter equation, we 
get the existence of infinitely many solutions. 

Mathematics Subject Classification 2000: 35J50, 35J55, 35Q60 



1 Introduction 

Many recent papers show the application of global variational methods to the 
study of the interaction between matter and electromagnetic fields. A typical 
example is given by the Klein-Gordon-Maxwell (KGM for short) system. 
We consider a matter field ip, whose free Lagrangian density is given by 

A, = ^(|^| 2 -|VV>| 2 -m 2 H 2 ), (1) 

with to > 0. The field is charged and in equilibrium with its own electromagnetic 
field (E, B), represented by means of the gauge potentials (A, <f>), 

E = -(V^ + ftA), 
B = V x A. 



"The authors are supported by M.I.U.R. - P.R.I.N. "Metodi variazionali e topologici nello 
studio di fcnomcni non lineari". 
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Abelian gauge theories provide a model for the interaction; formally we replace 
the ordinary derivatives (St, V) in ([TJ) with the so-called gauge covariant deriva- 
tives 

(S t + iq<f>, V - iqA) , 

where q is a nonzero coupling constant (see e.g. pQ). Moreover, we add the 
Lagrangian density associated with the electromagnetic field 

A = ^(|E| 2 -|B| 2 )- 

The KGM system is given by the Euler-Lagrange equations corresponding to 
the total Lagrangian density 

£ = £ (^A,^)+£i(A,^). 

The study of the KGM system is carried out for special classes of solutions 
(and for suitable classes of lower order nonlinear perturbation in Cq). In this 
paper we consider 

i/) = u(x)e~ iult , 
<j> = <j>(x), 
A = 0, 

that is a standing wave in equilibrium with a purely electrostatic field 

E = -V<t>(x), 
B = 0. 

Under this ansatz, the KGM system reduces to 

—Ait — (q<fi — uj) 2 u + m 2 u = 0, /„% 
A0 = Anq (qcj) - w) u 2 , ^ ' 

(see [5] or [3] where the complete set of equations has been deducted). 

We shall study @ in a bounded domain C R 3 with smooth boundary dil. 
The unknowns are the real functions u and <\> defined on and the frequency 
weR. Throughout the paper we assume the following boundary conditions 

u (x) = 0, (3a) 

^(x)=h(x). (3b) 

The problem ([2]) has a variational structure and we apply global variational 
methods. 

First we notice that the system is symmetric with respect to it, that is, the 
pair (u, <fi) is a solution if and only if (— u, <p) is a solution. 

Moreover, due to the Neumann condition (|3b|) . the existence of solutions is 
independent on the frequency uj. Indeed the pair (u,4>) is a solution of (J21)-© 
if and only if the pair (u, (f> — w/q) is a solution of the following problem 

- Ait - q 2 4> 2 u + m 2 u = in CI, (4a) 
Acf> = <inq 2 (t)u 2 in Cl, (4b) 
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with the same boundary conditions ©. In other words, for any weR, the exis- 
tence of a standing wave ip — u(x)e~ lu)t in equilibrium with a purely electrostatic 
field is equivalent to the existence of a static matter field u(x), in equilibrium 
with the same electric field. So we focus our attention on the problem (Jl]). 
The boundary datum h plays a key role. 

If h = 0, then it is easy to see that the system (jU)-© have only the solutions 
u = 0, (j> — const. 

If J gn h da — 0, then JU)-© has infinitely many solutions corresponding to 
u = 0. Such solutions have the form u — 0, <f> — x + cons t ( see Lemma l2 . 1 1 below, 
where \ is introduced) and we call them trivial. In this case we are interested 
in finding nontrivial solutions (i.e. solutions with u^0). 

On the other hand, it is well known that the Neumann condition gives rise 
to a necessary condition for the existence of solutions of the boundary value 
problem. In our case, from (|4bp -(|3bj). we get 



4:irq 2 / 0it 2 dx = I h da. 
Jn Jdn 

Hence, whenever J dQ h da ^ 0, solutions of ((l])-©, if any are nontrivial. 

The following theorem characterizes the existence of nontrivial solutions for 
small boundary data. 

Theorem 1.1. // ||/i||jyi/2(gn) * s sufficiently small (with respect to m/q), then 
the problem ^)-f3|) has nontrivial solutions (u, <ft) £ Hq (O) x H 1 ^) if and only 
if 

[ hda^O. 
Jon 

We point out that the Lagrangian density C contains only the potential 
VF(|V'|) = m 2 \ip\ 2 /2, which gives a positive energy (see the discussion about the 
energy in [3]). Hence the solutions found in Theorem 1 1 . 1 1 are relevant from the 
physical point of view. 

Theorem 11.11 shows that, if q is sufficiently small, (jl])-© has only the trivial 
solutions if and only if h da = 0. The same result holds true if q = 
(uncoupled system). It is immediately seen that, in the uncoupled case, if 
f aci h da ^ 0, then there exist no solutions at all. 

Our second result is concerned with a nonlinear lower order perturbation in 
(|4a|) . So we study the following system 

—Au — q 2 <fi 2 u + m' 2 u = g(x,u) in fi, 

= Anq 2 4>u 2 in Q, ( > 

again with the boundary conditions ©. The nonlinear term g is usually inter- 
preted as a self-interaction among many particles in the same field ip. 
We assume g S C (Cl x R, R) and 

(gl) 3 ox) a>2 > 0, Bp € (2, 6) such that 

\g(x,t)\ <a 1 +a 2 \t\ p - 1 ; 

(g2) g (x, t) = o (|i|) as t — > uniformly in x; 
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(g3) 3 s G (2,p] and r > such that for every |i| > r: 

< sG (x,t) < tg (x,t) , 

where 

G (x, t) = / g (x, t) dr. 
Jo 

Remark 1.2. A typical nonlinearity g satisfying (gi) — (gs) is g (x, t) = \t\ p ~ 2 t, 
withp£ (2,6). 

Theorem 1.3. Let g satisfy (gi) — (g3). 

a) If he H l / 2 (dVl) is sufficiently small (with respect to m/q) and satisfies 

[ hdcr = 0, (6) 
Jon 

then the problem has a nontrivial solution (u,(f>) € H^fl) x 7? 1 (f2). 

b) If g is odd, then, for every h G H 1 ' 2 (dH) which satisfies (0|), problem (0) 
has infinitely many solutions (v,i,(j>i) € Hq(Q) x H (Q), igN, such that 



/ \Vui\ dx — > +oo, 

whereas the set {4>i} is uniformly bounded in n L°° (f2). 

The present paper has been motivated by some results about the system ([5]) 
in the case ft = R 3 . To the best of our knowledge, our results are the first ones 
in the case of a bounded domain. Under Dirichlet boundary conditions on both 
u and (f>, the existence results for (jl]) and are analogous and simpler (see 
0). 

About the system ^ in R 3 , Theorem 1.1 in [B] shows that there exists only 
the trivial solution. 

In the case of a lower order nonlinear perturbation (problem ©), the pio- 
neering result contained in [2] has been generalized in several papers: see [3], 
[7] , [8] . Related results on analogous systems are contained in [9] , [10] . 

A different class of solutions for the KGM system is introduced in the pa- 
pers [5] and [7], where the authors show the existence of magnetostatic and 
electromagnetostatic solutions (3-dimensional vortices). 

^From the physical point of view, the case of a positive lower order term 

W(\i;\) = ~m 2 \Tp\ 2 -G(x,\iP\) 
is more relevant. This case is dealt with in some very recent papers ([I], [TT] . 

EE])- 

Finally, we recall that global variational methods have been used also in the 
study of Schroedinger-Maxwell systems (see e.g. [S], [13], [H], [TS], [TB], [P7]). 
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2 Functional setting 

The first step to study problems JU) and is to reduce to homogeneous bound- 
ary conditions. For the sake of simplicity, up to a simple rescaling, we can omit 
the constant 4ir. 



Lemma 2.1. For every h 6 H 1 / 2 (d£l), let 



1 
W\ 



h da. 



on 



Then, there exists a unique \ £ H 2 (f2) solution of 



( A X = k 

— (x) — h (x) on c?Sl, 
an 



X dx = 0. 

Remark 2.2. /< is we// known that the solution of Fty satisfie 

IMIfl*(n) < c (lMI 2 + W h \\H^Hon) / 
where c is a positive constant. So we obtain 

IIXIL < C l \\ h \\ H ^(dQ) ■ 



If we set 
then ([I]) becomes 



<p = <i>-x, 



—Au — q 2 (ip + x) 2 u + rn 2 u = 
Alp = q 2 (if + x) u 2 - k 
u (x) = 

^(*) = o 

on 



in Q, 
in f2, 
on dSl, 

on SSI. 



Let us consider on Hq (f2) the norm ||Vu|| 2 and on H 1 (f)) 



IMI = (l|v^ + |y>| 2 



1/2 



(7) 



(8) 



(9) 



where tp denotes the average of a function ip on f2, i.e. 

Standard computations show that the solutions of ([9]) are critical points of the 
C 1 functional 



F{u^) = -\\Vu\\l + 



2 + I 
2 



to 2 — q 2 (ip + x) 2 u 2 cfo - - HV^jj 2 + K |0| 



defined in iJp (fl) x iJ 1 (£1). Unfortunately it is strongly unbounded. We adapt 
a reduction argument introduced in |14j . Let 



A = Hi (SI) \ {0} 
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Lemma 2.3. For every u e A and p G L 6 / 5 (f2) there exists a unique tp e H 1 (fl) 
solution of 

{—Atp + q 2 pu 2 = p in fl, 
^-(x)=0 on dfl. 

on 

Proof. Let iieA and p E L 6 / 5 (f2) be fixed. We shall apply the Lax-Milgram 
Lemma. 

We consider the bilinear form 



a (ip, C) ~ V<^V£ dx + q 2 / pC,u z dx 
Jn Jn 



on H 1 (fi). By the Holder and Sobolev inequalities, we get 

afoC) < l|V^|| 2 ||VC|| 2 + g 2 ||^|| 3 ||CII 3 hll^ 



< (i + C i|M| 2 )|M|||CII 

and so a is continuous. Moreover, 

lim a (ip, ip) = +00. 
MI-+00 

Indeed, if \\ip\\ — > +00, we distinguish two cases. 

1. If ||Vy>|| 2 -> +00, then 

a (¥>,¥>) > \\Vip\\l -» +00. 

2. If ||Vy>|| 2 is bounded, then |<^| — > +cxo. By the Poincare-Wirtinger in- 
equality 

\\p-p\\ 6 <c 2 \\Vip\\ 2 , 
also \\ip — <p\\ 2 is bounded. Then we consider <p = (p — <p) + <p and obtain 

a(ip,ip)>q \<P~\ IM| 2 -2g 1^1 IIV - <P|| 2 IML + 00 - 

By standard arguments, we deduce that the bilinear form a is coercive in H 1 (17). 

On the other hand, by the Sobolev imbedding, we can consider the linear 
and continuous map 

C e H 1 (O) 1 — > f p(dx e R. 
Jn 

The Lax-Milgram Lemma gives the assertion. □ 
So our reduction argument is based on the following result. 

Proposition 2.4. For every u e A there exists a unique tp u G i? 1 (O) solution 
of 

{Ap = q 2 (ip + x) u 2 — K in SI, 
|%) = on on. (10) 

on 

Hence the set 

{(u,p)eAxH 1 (n)\F^(u,p) = 0} (11) 
coincides with the graph of the map iigAh ip u £ _ff 1 (r2). 
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Proposition 2.5. The map u 6 A i— ► ip u € is C 1 . 

Proof. Since the graph of the map u •—>(/?« is given by pip , we refer to the 
Implicit Function Theorem. 

Straightforward calculations show that for every e and w G 

Kp («. ¥>) K. V] = - I V^Vtj dx-q 2 [ u 2 £ V dx, 
Jn Jn 



Jn 

Then it is easy to see that .F'' and F^ u are continuous. 

On the other hand we have already seen that, for every (u, ip) G A x 
the operator associated to F^ v (u, ip) is invertible (Lemma l2.3p . Hence the claim 
immediately follows. □ 

We can define on A the reduced functional 

J (u) = F(u,<p u ) . 

It is C 1 and it is easy to see that (u, tp) G A x is a critical point of F if 

and only if u is a critical point of J and ip = cp u . So, to get nontrivial solutions 
of (J4|), we look for critical points of the functional J. 

With the same change of variable JHJ), problem ([5|) becomes 

— Au — q 2 (tp + x) 2 w + Ti 2 w — g (x, u) =0 in Q, 
Aip = q 2 (ip + x) u 2 — k in fl, 

u(x)=0 onaO, (12) 

^ (x) = on 917. 

- an 

The solutions of (fT2| are the critical points of the C 1 -functional 

F g (it, ip) = F (u,ip) — G (x, u) dx 
Jn 

and, as above, we can consider the reduced C^-functional 

Jg(u) = Fg(u,ip U ) . (13) 

To get nontrivial solution of (JT3J) we look for critical points of J g . 

3 Behavior of ip u 

By Lemma l2.3[ for every u G A, problem 



A£ - q 2 ^u 2 = q 2 xu 2 in fi, 

|i = o on an (14) 

an 



has a unique solution £ u G -ff 1 (f2). 
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Analogously, for every u £ A, problem 

{Arj — q 2 rju 2 — —k in fi, 
dri . „ n (15) 

— =0 on OS 2. 

on 

has a unique solution r\ u £ ff 1 (Si). 

Of course, since the solution of (fT0|) is unique, we have 

(fu = Cu+r)u- (16) 
Lemma 3.1 (Properties of £„). For every u £ A. 

,2 



e„xw ^ < o (17) 

and 

— max x < Cm — mm X (18) 

a.e. m Si. 

Proof. Multiplying (fT"4|) by and integrating on SI, we get immediately (|17|) . 
Moreover, if is the solution of (| 14f) . then £ u + minx is the unique solution 

of 

C A£ = q 2 [£ + (x - min x)] u 2 in Si, 

| ^i(a;)=0 on9S] 
on 

and minimizes the functional 

/(0 = ij / |VC| 2 ^ + ^ / + / (x-minx)^^ 

on ff 1 (Si). On the other hand 

/ (- |£u + minxl) </(£« + minx) 

and so 

£ u + minx = - \iu + minx I > 

a.e. in SI. Hence £ u < — minx, a - e - m ^- 

Analogously, £ u + max x is the unique solution of 

C A£ = q 2 [£ + (x - max x)] u 2 in Si, 
| |i (x) = on 517 

and, arguing as before, we get £ u > — maxx a.e. in SI. □ 
Corollary 3.2. For every u G A. 

lie,IL<llxlL, (19) 

l|Ve«|| 2 <||V X || 2 . (20) 
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Proof. The inequality (fT§)) easily follows from (flg|) . By ([14")) , £ u satisfies 

/ V( u Wwdx + q 2 / (£ u +x)u 2 wdx = 

for any w & H 1 (f2). For w = £ u + x we get 

IIVU2+ / y^Vxdx + q 2 f (H u + X ) 2 u 2 dx = Q 
Jn Jn 

from which one deduces (f2T))) . □ 

Remark 3.3. We point out that, if k = 0, then (p u = £„. Therefore U9\) 
and \20\) become uniform estimates on ip u £ H 1 (f2) n L°° (O) and give rise to 
estimates on the old variable 

<t> = <p u + x = Cu + x- 

In other words, if Jg^h da = 0, the solutions <f> of fj6p-{2&P ore uniformly 
bounded with respect to u ^ 0. $From 118\) we deduce also a more precise 
estimate 

UWoo = Mu + xWoo < maxx - minx- 
Lemma 3.4 (Properties of i] u ). For every aeA, 

hu\\ 2 > -MS, (21) 
T Hl 4 

kv u > (22) 

a.e. in fl and 

|]V % || 2 < C1 |%|H^. (23) 

Proof. Let it G A be fixed. If n — 0, the lemma is trivial. So we suppose k^O. 
By integrating the equation in (|15[) on Q we get 

2 



q / r\ u u dx = , 
Jn 

from which we deduce (|2"T]) . 

Moreover, since the unique solution r/ u of (|15p is the minimizer of 

f*(v) = ~ / V77I 2 <isc + ^7- / ?7 2 u 2 da;-K|fi|fy, 
2 Jo 2 Jn 



with analogous arguments to those used in the proof of (|18|) . we have that: 

• if k < 0, then 77^ < a.e. in f2; 

• if k > 0, then r\ u > a.e. in fi. 

Finally multiplying the equation in (|15j) by 77 u — fy u and integrating, we get 

- ||V?7„||2 - q 2 / Vu (Vu - fj u ) u 2 dx = 
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from which 

\\Vi] u \\l + q 2 / (r] u - fj u f u 2 dx = -fj u / (rfe - fj u ) u 2 dx . 
Jn Jn 

Then, by the Holder and Poincare-Wirtinger inequalities, we obtain 

HVrfellj < \fj u \ hu - fj u \\ 2 \\u\\l < ci 1^1 ||Vr? u || 2 \\u\\\ 
which implies (|23p . □ 

Finally we have the following relation between £ u and r\ u . 
Lemma 3.5. For every u G A. 

<1 2 / XVuU 2 dx — -k |fi| £„. (24) 
Jn 

Proof. Fixed u € A, multiplying the equation of (fl~4"|) by r\ u and integrating on 
fi, we get 



V£„Vr7„ dx - q / £, u ri u u dx = q / xVuU dx. 
n Jn Jn 

Multiplying the equation of (fTB"]) by and integrating on fi, we obtain 

- / V£„V77„ dx - q 2 / £ u VuU 2 dx = -k \Q\ £ u . 
Jn Jn 

The claim immediately follows. □ 

4 Proof of Theorem 11.11 



Taking into account Remark 12.21 in this section we assume that H^llfl-i/a^m ^ s 
sufficiently small in order to get 

HxIL < m/q, 

hence 

m 2 - q 2 x 2 > 0. (25) 

4.1 Existence of nontrivial solutions 

In this subsection we assume that J dn h do- ^ 0. 

We give the explicit expression of the functional J(u) = F(u, ip u ). If u E A, 
multiplying (110p by ip u and integrating on f2, we have 

- ||Vv?u||2 = q 2 / <Pu (<Pu + x) u 2 dx - K 1 1 (p u . 
Jn 

Then, taking into account p^|) and (f2"4"|) . we obtain 

^ ( M ) = ^ II Vm II2 + ^ f (m 2 - <1 2 X 2 ) u 2 dx~Y ( ^uXU 2 dx + K\n\^ u + ^^f} u . 

(26) 
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Moreover, for every v E Hq (f2), 

(J' (u) , v) = (F'(u, <p u ),v) = I VuVv dx+ I m 2 -q 2 Qp u + X ) 



uv dx. 
(27) 

Proposition 4.1. The functional J has the following properties: 

(a) lim J(u) = +00, 

u— >0 

(b) J is coercive, 

(c) J is bounded from below. 

Proof. Assume u — » 0. Since the first four terms in (|26p are bounded from 
below, we study the last term. By l|22p. 

-j 1 fju > 0. (28) 

We claim that \fj u \ — > +00. 

Arguing by contradiction, assume that there exists a sequence u n — > such 
that is bounded (where we mean r/ n = r] Un ). Hence, by (|23p . we have 

||V?7 n || 2 — » 0. Then, using the Poincare-Wirtinger inequality, we deduce that 
is bounded. On the other hand pTj) yields 

lim ||j7 n |L = +00, 

n 

so we get a contradiction and (a) is proved. 
By (JT7J), J25J) and (3SJI, we obtain 

J(u) > ^\\Vu\\l + n\n\l u . 

Then, by (O, we deduce (b) and (c). □ 

Proposition 4.2. The functional J satisfies the Palais-Smale condition on A, 
i.e. every sequence {u n } C A such that {J(u n )} is bounded and J' (u n ) — > 0. 
admits a converging subsequence in A. 

Proof. Let {«,„} C A be a Palais-Smale sequence, i.e. 

{J(u„)} bounded (29) 

and 

K) -» 0. 

^From (|29p and (b) of Proposition 14.11 we deduce that {u n } is bounded, hence 
it converges weakly to u G Hq(Q). It remains to prove that the convergence is 
strong and that u ^ 0. As before, for the sake of simplicity, we set tp n = fu n i 
in = C«„ and i] n = r/ Un . 

By ((27} and flTBJ), we have 

Aw n = m 2 u n - q 2 (£, n + f] n + x) 2 u n - J' (u n ) . (30) 
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So it is sufficient to prove that the right hand side of ([50)1 is bounded in H 1 (O). 
Since u n — v u and J' (u n ) — + 0, we have only to study {(£„ + 7?„ +x) 2u n}- 
^From we deduce that {k |Q| r?n/2} is bounded, the same being true for the 
first four terms in J(u n ). Then, using (|2"3"|) , we conclude that {r) n } is bounded, 
as well as {£ n } by (fl§|) . The claim easily follows. 

Finally (a) of Proposition 14.11 and (|29|) show that u cannot be zero. The 
proof is thereby complete. □ 

Using again (a) of Proposition (|4.1|) . we can see that the sublevels of J 
are complete. Then, by a standard tool in critical point theory (Deformation 
Lemma, see e.g. [18j). we conclude that the minimum of J is achieved. 

4.2 The only if part 

In this subsection we show that if h da = 0, then problem ([5J has only trivial 
solutions. 

Let (u, ip) be a solution of ((9]) with k = 0. By the first equation we have 

||Vu|| 2 - g 2 / (ip + X f u 2 dx + m 2 \\u\\l = 0. (31) 

By the second equation we have 

-||V^||2-g 2 / u 2 tp 2 dx = q 2 I X¥>u 2 dx. (32) 
Jn Jn 

Then, substituting J n x<-P u d x in (|3"Tj) . we obtain 

||Vit|| 2 + 9 2 / u 3 iff > dx + / (to 2 - gV) u 2 dx + 2 ||V<^|| 2 = 0. 
Jn Jn 

Therefore, taking into account l[2"5|) . we deduce u = 0. 

5 Proof of Theorem 11.31 

In this section we assume k = 0, so we have 

= £ u - (33) 

Since <^„ satisfies (J32), substituting in (fT3"]) . we find, for every u ^ 0, 

1 2 to2 f Q 2 f f 

Jg ( u ) = o II Vw ll2 + ~7T / u 2 dx - — x (<Pu + X) u 2 dx - / G (x, u) 
z z Jn z Jn Jn 

and 

(Jg(it),u)= / VMVwda;+ / m 2 — q 2 (ip u + x) 2 uvdx— / g(x,u)vdx 
Jn Jn L J Jn 

(34) 

for u G i^ 1 (Q). 

About the nonlinear term, we recall that (gi) — (g3) imply that: 
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(Gi) for every e > there exists A > such that for every !eR 

\G(x,t)\< £ -t 2 +A\t\ p ; 

(G2) there exist two constants b\, b 2 > such that for every <eR 

G(x,t) >h\t\ s -b 2 . 

This time the functional has not a singularity in 0, but it can be extended 
according to the following proposition. 

Proposition 5.1. // we set J g (0) = 0, then the functional J g is C 1 on Hq (il) 
with J' g (0) = 0. 

Proof. ^From (fTT?|) and (|3"3"|) we deduce 

X ( Vu + x)u 2 dx <2|| X || 2 oo || U ||2. (35) 
Then it is easy to see that 

lim J g (u) = 0, 

u — >0 

hence J g is continuous on Hq (il). 

Using again (|3"5"j) and (Gi), we obtain 

urn " ,, = 0, 
«.-* ||V«|| a 

which, joint with J g (0) = 0, implies that J g is differentiable in and J' g (0) = 0. 
Finally, we have that J' g is continuous in 0. Indeed, from ([34| we get 

\(j' g (u),v)\ < WVuWzWVvW.+ ^WxWt+m 2 ) \\u\\ 2 \\v\\ 2 + j \g (x, u) v\ dx. 

Then, using the hypotheses on g, 

lim II J' (u) II = lim sup | ( J' (u) , v) \ = 0. 



V'ti||, = l 



□ 



Proposition 5.2. TTie functional J g satisfies the Palais-Smale condition on 

H%(n). 

Proof. Let {u n } C i?Q (f2) such that 

|J ff K)|<c (36) 
J' g K) - 0. (37) 

As before, we set = and we use Cj to denote suitable positive con- 
stants. By ([Ml 

-||V« n || 2 < c+ j G{x,u n ) dx + — / x(^n +X)w^da; + — ||u„||2 



./S2 

< ci + - / g (x,u n )u n dx + c 2 \\u n 



•s 



1 



{a;er2:|u„(a;)|>r} 



< C3 + ~ / 5 {x,u n )u n dx + c 2 \\u n \\l . (38) 
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On the other hand, by (jM} and l|57|). 

(u„) ,u n ) 



\\Vu n \\i +m z ||u„|| 2 - i 2, I {tp n +x) 2 u 2 n dx- I g(x,u n )u„dx 



<C 4 ||Vlt n ]| 2 

and so 

2 2 2 2/ ^2 

g(x,u n )u n dx < c 4 ||Vu„|| 2 + ||V«„|| 2 + m ||u„|| 2 - g / + x) u n dx 

Jn 

< C4||Vii„|| 2 + ||Vu n || 2 + m 2 ||u„|| 2 . (39) 
Hence, substituting (|3"9"|) in (|3"5|) we easily find 

|| Vu „|| 2 < c 3 + ^ ||V«n|| 2 + Ml \K\\l + ^^\Wn\\l (40) 
Now we claim that {«„} is bounded in Hq (£1). Otherwise by (|1U1) 

and, for n sufficiently large, we have 

IWI2 > c 8 l|Vn n || 2 -> +00. 

So, using (G2) and (|33|) . we deduce 

1 ,, ..2, m 2 „ l|2 g 2 
- ||Vu n ]] 2 + — 

< ^ ||Vu„|| 2 + c 9 ||u„|| 2 - bi \\u n \\ s s + b 2 

< C10 ||u n ]| 2 - C H ll^n. || 2 + fe 2 |^| -> "OO, 

which contradicts (|36p . So is bounded and, up to a subsequence, 

u n u in i?g (fi) . 

We have to prove that the convergence is strong. We know that 

Au n = m 2 u n - q 2 (cp n + xf u n - g (x, u„) - J' g (u n ) . (41) 

The sequences {J' (u„)}, {u n } and {g {x, u n )} are bounded. Finally, by Corol- 
lary GS1 {</?„ + x} is bounded in L°° (Q), then {(</?„ + x) 2u n} is bounded in 
L 2 (f2). Therefore the right hand side of (|4l"j) is a bounded sequence in H~ x (SI). 
By standard arguments the proof is complete. □ 

Finally we notice that, by (G2), 

J g (u) < \ \\Vu\\l + [q 2 HxIlL + ^) NI2 - J n «) dx 



Jg {u n ) = — ||Vu n || 2 H — ||u„|| 2 — / X ( l Pn + x)u 2 n dx - I G(x,u n ) dx 



< \ iiv«h» + u nxiiL + \ ) ii«iia - & i hi: + & 2 n 



Hence, if V is a finite dimensional subspace of Hq (fi), then 



lim J g (it) = -00. (42) 

||V«|| 2 ^+oo 
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5.1 Proof of (a) 

Let {Xj} denote the sequence of the eigenvalues of — A with Dirichlet boundary 
conditions. Taking into account Remark 12. 2\ assume that 



<f llxlloo < Ai W 
iFrom flU}, OB and (Gi) we deduce 



1 



2 



J a {u)>~ \\Vu\\l + ( m 2 ~ q 2 ||xllL)IHl2 -^IHIa-^IHI 



2 



> ^ + wa -f i M a oo- e ||v«l|;-^l|Vu||S, 

with A, A' > depending on e > 0. Choosing £ sufficiently small, we deduce 

J g (u)>c\\Vu\\ 2 2 -A'\\Vu\\ p 2 
with c > 0. Hence J g has a strict local minimum in 0. 



Taking into account (|42j) . the classical Mountain Pass Theorem of Ambroset- 
ti-Rabinowitz applies (see e.g. [18]) and we deduce the existence of a nontrivial 
solution. 

5.2 Proof of (b) 

Since g is odd, the functional J g is even and we use the Z2-Mountain Pass 
Theorem as stated in [T5] . 

Theorem 5.3. Let E be an infinite dimensional Banach space and let I 6 
C 1 (E, R) be even, satisfy the Palais-Smale condition and I (0) = 0. If E = 
© X, where V is finite dimensional and J satisfies 

1. there are constants p, a > such that I\ 9B nX > ct, and 

2. for each finite dimensional subspace E C E, there is an R = R(E) such 
that I < on E \ B R ,g,s, 

then I possesses an unbounded sequence of critical values. 



Taking into account (|42p . in order to apply Theorem 15.31 we have to prove 
the geometrical property stated in (1). 
We distinguish two cases: 

(a) If q 2 llxlljL ~ 777-2 < then, using the same estimates given in the previous 
subsection, Theorem 15.31 applies with V = {0}. 

(b) If Ai < q 2 \\xWlo - m 2 , we set 

fc = min{jeN: q 2 ||xllL ~ m * < A i} > 

and we consider 



k — l +oo 

7 = 0^-, X = V ± = @M j . 
j=i j=k 
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where Mj is the finite dimensional eigenspace corresponding to Xj . 
Since 

X • /H VW ll2 c Y UfX 

A fe = mm < : v £ X, »f 0), 

t H2 J 

for every u £ X we have 

^M> Afc + m2 " g2ML l|V^- / G( a ,«)dx. 

Similar estimates to those used in the previous case show that J is strictly 
positive on a sphere in X . 

In both cases we get the existence of infinitely many critical points {ui} such 
that 

Jg{Ui) — > +00. 

Remark 13.31 gives the uniform estimate on {ip u .}. Finally we notice that, by 
(GO, 

1 2 2/* r 

Jg («t) = 2 H Vu *ll2 + — Il u i|l2 - y / x( ( Pi+x)ufdx - G (x, Ui) dx 

< CxWVUig + 02 ||V«i|g. 

Hence ||Vui|| 2 — * +00 and this completes the proof. 
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